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Abstract 

This  work  is  concerned  with  the  long  time  dynamics  of  a  class  of  abstract  nonlinear 
second  order  in  time  systems  with  damping.  This  class  of  systems  describes  nonlin¬ 
ear  dissipative  elastic  models  with  the  nonlinear  term  produced  by  neo-Hookean  type 
stress-strain  relationships.  In  our  earlier  paper  it  was  shown  that  these  systems  give 
rise  to  a  weak  dynamical  system  and  that  there  exists  a  weak  compact  attractor.  In 
the  present  work,  using  a  somewhat  more  detailed  analysis  based  in  part  on  the  results 
of  H.  T.  Banks,  D.  S.  Gilliam  and  V.  I.  Shubov  on  the  existence  and  uniqueness  of 
the  weak  solutions,  we  show  that  these  systems  generate  a  ’’strong”  dynamical  system 
also.  More  importantly,  we  are  able  to  prove  the  existence  of  a  compact  ’’strong” 
global  attractor.  Finally,  we  make  several  comments  concerning  the  regularity  of  this 
attractor,  and  present  two  examples. 


1  Introduction 

In  this  work  we  consider  the  following  class  of  abstract  nonlinear  damped  hyperbolic  systems 
evolving  in  a  complex  separable  Hilbert  space  Ti  (actually  holding  in  the  sense  of  a  larger 
space  V*  ): 

wtt  +  Am  +  A2wt  +  N*g(Afw)  =  f(t)  (1.1) 

u>(0)  =  9?o  (1.2) 

«h(0)  =  <p±  (1.3) 
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Here  Ai,  A2  and  M  are  unbounded  linear  operators  and  g  is  a  continuous  nonlinear  operator 
in  7i.  The  precise  conditions  on  all  these  operators,  the  forcing  term  f(t )  and  on  the  initial 
data  (1-2),  (1.3)  are  given  in  the  next  section. 

The  global  in  time  existence  and  uniqueness  of  the  weak  solution  for  the  problem  (1.1) 
(1.3)  was  shown  in  [BGS1,  BGS2],  In  this  paper  we  continue  the  study  of  the  long  time 
behavior  of  the  weak  solutions.  In  our  previous  work  [P]  we  showed  that  the  system  (1.1)- 
(1.3)  generates  a  weak  dynamical  system.  The  advantage  of  using  a  weak  dynamical  system 
(i.e.  considering  the  dynamical  system  in  the  weak  topology  of  the  state  space)  was  that 
bounded  trajectories  are  precompact  which  is  an  essential  property  to  insure  the  existence 
of  an  attractor.  Once  the  existence  of  a  weak  dynamical  system  is  shown,  it  is  enough  to 
establish  that  the  system  is  bounded  and  weak  point  dissipative  to  guarantee  the  existence 
of  a  weak  compact  attractor.  This  idea  was  introduced  and  developed  in  several  papers: 
[Bal,  Ba2,  Da,  Ha,  SI]  (see  these  papers  for  the  relevant  definitions  and  theorems).  In  the 
present  paper  we  establish  two  results.  First  we  show  that  the  problem  ( 1 . 1 )- ( 1 .3)  generates 
a  “strong”  dynamical  system  which  is  continuous  in  the  sense  that  the  solution  depends 
continuously  both  on  initial  data  and  time.  This  does  not  follow  from  the  earlier  work  since 
now  we  consider  the  strong  topology  on  the  state  space.  Our  second  and  main  result  is 
the  proof  of  existence  of  a  compact  global  attractor.  We  achieve  this  result  by  showing 
that  trajectories  of  the  system  are  asymptotically  compact  and  the  dynamical  system  is 
bounded  and  point  dissipative.  The  existence  of  the  global  attractor  is  established  under 
the  assumptions  made  in  [BGS2]  and  an  additional  technical  assumption  (see  A12)  below). 
Finally,  using  the  existence  of  a  global  Lyapunov  function,  we  obtain  that  the  global  attractor 
is  the  unstable  set  of  the  set  of  its  fixed  points. 

We  briefly  mention  here  the  origin  of  the  problem  ( 1 . 1 )- ( 1 .3)  and  refer  to  [BGS2]  for 
a  more  detailed  discussion.  In  the  case  when  the  nonlinear  operator  g  =  0  the  equation 
(1.1)  describes  a  linear  dissipative  elastic  model  with  Ai  being  the  elastic  operator  and 
A2  being  the  dissipation  operator.  An  extensive  literature  is  devoted  to  the  analysis  of 
such  models  (see  e.g.  [B1W,  CT]  and  references  therein).  The  nonlinear  term  in  equation 
(1.1)  comes  from  a  nonlinear  constitutive  law,  i.e.  from  a  neo-Hookean  type  stress-strain 
relationship.  This  type  of  constitutive  laws  occur  in  a  wide  range  of  materials  which  are 
of  a  great  importance  in  modern  smart  material  technology.  Namely,  the  above  mentioned 
nonlinear  stress-strain  relationship  takes  place  in  polymer  composites  such  as  elastomers 
filled  with  active  elements.  These  materials  are  used  in  the  development  of  both  passive 
and  active  vibration  devices.  The  study  of  systems  of  the  type  ( 1 . 1 )- ( 1 .3)  is  important  for 
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the  development  of  computational  methodologies  for  the  identification  and  control  of  smart 
material  composites.  As  was  already  mentioned,  in  this  work  we  are  primarily  interested  in 
the  long-time  behavior  of  these  systems. 

The  present  paper  is  organized  in  the  following  manner.  In  Section  2  we  give  a  precise 
formulation  of  all  necessary  assumptions  imposed  on  the  problem  ( 1 . 1 )- ( 1 .3) .  Then  we  state 
our  main  result:  the  existence  of  a  compact  global  attractor.  In  Section  3  we  prove  the 
continuity  of  the  dynamical  system.  Sections  4  and  5  are  devoted  to  the  proof  of  the  main 
result  -  the  existence  of  the  attractor.  Namely,  in  Section  4  we  prove  that  our  system  is 
point-dissipative,  i.e.  it  has  an  absorbing  ball.  In  Section  5  we  show  that  our  system  is 
asymptotically  compact  (see  all  necessary  definitions  below).  Then  by  the  following  well- 
known  result,  the  existence  of  a  global  attractor  is  guaranteed  [La]: 

Theorem  1.1  Let  {Vt,  t  >  0  , X}  be  a  bounded,  point-dissipative,  asymptotically  compact 
dynamical  system.  Then  there  exists  a  non-empty  global  attractor  A,  which  is  compact  and 
invariant.  If  X  is  connected  then  A  is  also  connected. 

We  collect  here  the  definitions  used  in  the  statement  of  Theorem  1.1. 

Definition  1.1  A  dynamical  system  {  Vt  .  t  >  0  ,  A  }  is  called  bounded  if  for  every  bounded 
B  C  A’  the  set  of  positive  semi-trajectories  starting  from  B  (denoted  by  7 +{B))  is  bounded 
in  X . 

Definition  1.2  A  dynamical  system  {Vt,  t  >  0  ,  A'}  is  called  point  dissipative  if  there  is 
a  bounded  set  A  C  A  such  that  for  any  e  >  0  and  x  £  X  there  exists  a  t0[e,  x )  £  1R+  such 
that  Vt(x )  £  Oe(A)  for  all  t  >  t0.  (Oe(A)  denotes  the  e -neighborhood  of  A:  the  union  of  all 
open  balls  of  radius  e  centered  at  the  points  of  A). 

Definition  1.3  The  dynamical  system  {Vt,t  >  0,V  X  Tt]  is  called  asymptotically  com¬ 
pact  if  it  possesses  the  following  property:  for  every  bounded  set  B  such  that  7  +(B)  is 
bounded,  each  sequence  of  the  form  {Vtk(xt:)},f_1,  where  27  £  B  and  tk  |  00,  is  precompact. 

In  Section  6  we  show  that  our  system  has  a  global  Lyapunov  function  which  allows  us  to 
make  some  conclusions  concerning  the  structure  of  the  attractor.  Finally,  we  show  three 
examples  where  the  existence  of  a  global  attractor  is  guaranteed. 
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2  Formulation  of  Problem 


Throughout  this  work  we  use  the  notations  and  assumptions  introduced  in  [BGS2].  Namely, 
we  assume  that  there  is  a  sequence  of  separable  Hilbert  spaces  V,  V2,  H.  V).  V*  forming  a 
Gelfand  quintuple  [BIW,  Wl]  satisfying 

v^v2^n^v;^  v*,  (2.1) 

where  we  assume  that  the  embedding  V  <—>  V2  is  dense  and  continuous  with  ||9?||v2  <  cIM|v 
for  Lp  G  V  and  V2  7~L  is  a  dense  compact  embedding  with  ||<^||  <  c||<^||v2.  We  denote  by 
(  ,  )v*,v?  etc.,  the  usual  duality  products  [Wl].  These  duality  products  are  the  extensions 
by  continuity  of  the  inner  product  in  7i,  denoted  by  (  ,  )  throughout.  The  norm  in  7 i 
will  be  denoted  by  ||  •  ||  while  those  in  V,  V2  etc.  will  carry  an  appropriate  subscript.  The 
operators  A\  and  A2  are  dehned  in  terms  of  their  sesquilinear  forms  oq  :  V  X  V  — »  C 
and  <r2  :  V2  X  V2  ^  C.  That  is,  A\  G  £(V,  V*},  A2  G  C(V2.  V)  j  and  (Ai<p,  if>)v*,v  = 

*i(¥>,  N):  $)v;,v3  =  i’)- 

Let  Cj  denote  the  space  of  functions  w  :  [0,  T]  — >  7i  such  that 


tc  G  G'u  ([lh  /  ]•  V2j  H  /fx  ([(),  7’].  V) 

{W  means  weak  continuity),  and 

wt£€w([0,f],H)f)L2([0,T],V2), 


where  the  time  derivative  wt  is  understood  in  the  sense  of  distributions  with  values  in  a 
Hilbert  Space  (see,  e.g.,  [Li]).  The  space  Ct  is  equipped  with  the  norm 

w\\cT  =  ess  sup  (||wt(7)||  +  ||iu(f)||v)  + 
i€[0  ,T] 


Definition  2.1  We  say  that  w  G  Ct  is  a  weak  solution  of  the  problem  (1.1)  -  (1.3)  if  it 
satisfies  the  equation: 


f 


-  {wr (r),  iit{t))  +  oA  (w(t ),  r/(r))  +  o2  (wt(t),  tj(t))  + 


•  {//  (.V"(r(r ) ) , Ah/(r )) 


dr  +  (wt{t),rj(t))  = 


(9?i,r/(0))  (/(r),  t/(t))v*,v2^t, 


(2.3) 
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for  any  t  £  [0,  T]  and  any  r/  £  Cj , 


as  well  as  the  initial  condition 


w(0)  =  p0. 


(2.4) 


Equivalently , 


(Wttlr])v*,v  +  <7i(u>,»/)  +  <T2{wt,ri)  +  {g(Nw),Nn\  =  (/,r/)v*,v2  (2-5) 

is  satisfied  for  all  rj  £  Cj  and  for  almost  all  t  £  [0,  T]. 


In  addition,  we  make  the  following  assumptions  (these  assumptions  are  the  same  as 
in  [BGS2]  except  that  in  A6)  /  does  not  depend  on  t  and  we  introduce  one  additional 
assumption  A  1 2  i  ). 

Al  )  The  form  is  a  Hermitian  sesquilinear  form:  for  92,  v'  £  V 

afiip.fi)  =  a ip).  (2.6) 

A2)  The  form  a1  is  V  bounded:  for  9?,  £  V 

ki(r‘-  (')l  <  n|b||v||'-||v-  (2.7) 

A3)  The  form  a1  is  strictly  coercive  on  V:  for  9?  £  V 

Re oq (9?,  9?)  =  ai(tp,ip)  >  Aq||9?||y,  /»'i  >  0.  (2.8) 

A4)  The  form  <r2  is  bounded  on  V2:  for  92,  v/’  £  V2 

Mw0)l  <  c2||^||v2||#||v2.  (2.9) 

A5)  The  real  part  of  a2  is  coercive  and  is  symmetric  on  V2: 

Recr2(9J,97)  +  Ao||<f||2  >  A’2||9?||y2  k2  >  0,  A0  >  0  (2.10) 

Rea2(<p1ip)  =  Re<72(^,9?),  for  any  95.  £  V2.  (2.11) 


A6)  The  forcing  term  f  is  time-independent,  /  £  V2. 
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(2.12) 


A 7)  The  operator  Af  satisfies 

Af  £  £(V2,?f)  with  \\Af<p\\  <  VSlMh 
and  the  range  of  A"  on  V  is  dense  in  7i. 

Note  that  (2.12)  and  V  V2  implies 

Af  £  £(V,7f)  with  ||AV||  <  V*  ll^llv 

with  k  =  c2Ai. 


(2.13) 


A8)  The  nonlinear  function  g  :  7i  — >  7i  is  a  continuous  nonlinear  mapping  of  real  gradient 
(or  potential)  type.  This  means  that  there  exists  a  continuous  Frechet-differentiable 
nonlinear  functional  G  :  7i  — »  III 1 .  whose  Frechet  derivative  G'(tp)  £  C{'H.  Iff)  at  any 
(p  £  7i  can  be  represented  in  the  form 


G'(~f)tr  =  Re(g(<p):ip)  for  any  y:  £  'H. 

We  also  require  that  there  are  constants  C'i .  C'2  ■  C3  and  e  >  0  such  that 

- \t-\h  -  £)M2  -  c,  <  G(V)  <  <7,M2  +  c8i 

where  k  is  from  (2.13)  and  Aq  from  (2.8). 

A9)  The  nonlinear  function  g  also  satisfies 

||$,(<c)ll  <  CilbH  +  C'2,  <p  £  Ti., 

for  some  constants  C'i ,  C'2. 

A11  additional  condition  is  necessary  for  uniqueness  of  solutions. 

A10)  For  any  9?  £  Ti  the  Frechet  derivative  of  g  exists  and  satisfies 

with  ||sV)lk(K,K)  £  C3. 


(2.14) 


(2.16) 


(2.16) 


(2.17) 


All)  We  assume  that  for  any  u.  v  £  Cr.  the  following  inequality  is  satisfied  for  any  t  £  [0,  T]: 


j  |  Re{g(J\f  u(t))  —  g(Afv(r)%  Afu(r)  —  jVv(t)) 
+kik~1\\j\fu(T)  —  Af  v ( r ) 1 1 2 ^  dt 

+  1!  ((j(  ||tt(T)  -  tj(T)||2<ft)  j>0, 


(2.18) 


where  a(£)  >  0  is  a  continuous  function  in  ^  >  0  such  that 


6 


i)  g(0)  =  0, 

ii)  there  exists  a  first  derivative  such  that  «'(o)  =  o. 

Note  that  (2.18)  is  satisfied  if,  for  example, 

^(g(<p)  -  //('.')••  Y  4><)  +  'lb  -  V’ll2  >  0  (2.19) 

for  any  tp. G  Tt.  where  k  and  ki  are  the  constants  in  (2.13)  and  (2.8). 

E.g.  if  7i  —  h2(0),  0  C  JR™,  so  that  g  :  M  — +  M,  then  a  sufficient  condition  for  (2.19) 
is  that  g'(i)  >  — 1\  for  some  h  >  0. 

A12)  The  embedding  V  V2  is  compact. 

Some  of  the  considerations  below  do  not  use  all  the  assumptions  Al)-A12),  but  only  a 
part  of  them.  In  particular,  A12)  is  necessary  only  to  show  the  asymptotic  compactness  of 
our  system  and,  therefore,  the  existence  of  the  attractor. 

We  mention  that  the  main  difficulty  in  dealing  with  the  problem  (1.1)-(1.3)  comes  from 
the  fact  that  the  nonlinearity  is  very  strong.  The  proof  of  the  global  in  time  existence 
and  uniqueness  for  this  problem  [BGS2]  involves  the  Minty- Browder  monotonicity  method 
[LSU,  B,  M,  Li].  Due  to  the  above  mentioned  difficulty  our  result  does  not  follow  from 
well-known  results  on  attractors  for  dissipative  hyperbolic  equations  [La,  H,  Te], 

Now  we  are  in  a  position  to  state  precisely  the  main  result  of  this  paper  -  the  existence 
of  a  global  attractor.  Our  other  results  -  the  continuity  of  the  dynamical  system  and  the 
regularity  of  the  attractor  are  formulated  in  Section  3  and  6  respectively. 

Theorem  2.1  Under  conditions  A1J-A12)  the  system  (l.l)-(l.S)  has  a  non-empty  global 
attractor  A.  C  V  X  Ti,  which  is  compact,  connected  and  invariant  under  the  flow. 

The  proof  of  Theorem  2.1  is  contained  in  a  series  of  results  in  Section  3  through  Section  5. 

3  The  Dynamical  System 

At  this  point  we  recall  the  following  two  earlier  results,  one  from  [BIW]  and  the  other  from 
[BGS2], 

In  [BIW]  the  linear  system 


ytt  +  A\  y  +  A2yt  —  h(t ) 

(3.1) 

O 

9- 

II 

0^ 

S3*. 

(3.2) 

1—1 

II 

0^ 

^8 

(3.3) 

7 


is  investigated  and  the  following  result  is  obtained. 


Theorem  3.1  Suppose  that  u  1  and  a2  satisfy  the  conditions  Al)-A5),  h  G  T2([0,  T],  Vg)  and 
9?o  G  V,  9?!  G  Tt.  Then  (3.1)-(3.3)  has  a  unique  weak  solution  y  satisfying 


(vtt,v)v,v  +  "lfo,  v)  +  "2  =  (*,  v)v;,v2 

</(•>)  =  Vo 

»|(0)  =  Vi 


(3.4) 

(3.6) 

(3.6) 


for  all  <p  G  V  and  for  almost  all  t  G  [0,  T]  with 

y  G  C([0,  T],  V),  yt  G  C([0,  T],  W)  n  T2([0,  T],  V2) 

and  the  map  (tcuTij^)  —>  y  is  continuous  from  V  X  hi  X  T2([0,T],V2|  /n 

2  =  {z  G  C((0, T),  V)|  G  C([0,nn)  n  T2((0, T),  v2)}, 


(3.7) 


where  the  norm  in  Z  is  given  by 


\z\\z  = 


i€[0,T] 

In  [BGS2]  it  is  shown  that 


sup  {||z(f)||v  +  |M<)||}  +  (  l  Ps(s)\\l2ds 
pTo.tI  \J0 


\  1/2 


Theorem  3.2  Under  conditions  A1  )-All )  the  system  (1.1  )-(1.3)  has  a  unique  weak  solution 
weCT  for  every  initial  condition  (  M  G  V  X  Tt.  The  weak  solution  satisfies 


("’ll,  i))v,v  +  Ci(w,  tj)  +  a2(wt,  ij)  +  (g(Mw),N tj)  =  (/,  if)v- vs 


(3.8) 


for  all  7/  G  Tj  and  for  almost  all  t  G  |0:  TJ. 


Since  the  existence  of  global  weak  solutions  of  ( 1 . 1 )- ( 1 .3)  is  guaranteed  by  the  above 
Theorem  3.2  we  can  define  the  solution  operator  Vt  \V  xTt  — >  V  X  Tthy 


vt 


To 

Ti 


w{t)  \ 
wt(t)  )  ’ 


where  w  is  the  weak  solution  of  (1.1)  corresponding  to  the  initial  condition 
main  result  of  this  section  is  the  following: 


To 

Ti 


The 
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Theorem  3.3  If  conditions  AlJ-All)  are  satisfied,  then  {Vt,t  >  0,  V  X  7 if}  is  a  continuous 
dynamical  system  in  the  sense  that  {Vt,t  >  0}  is  a  semigroup  on  V  X  Tt  and  the  mapping 

V  :  1R+  xV  xH  xH  : 

is  continuous. 

Proof:  It  is  clear  that  {  V'/  ,t>  0,V  X  7 if]  is  a  semigroup  since  (by  A6)  /  does  not  depend 
on  t.  The  continuity  statement  follows  from  the  next  two  lemmas. 

Lemma  3.1  The  weak  solution  depends  continuously  on  initial  conditions,  i.e.  for  a  fixed 
to>0,  Vt0  is  a  continuous  operator. 

Proof  of  Lemma  3.1:  Let  w  and  w  be  weak  solutions  of  (2.1)  with  initial  conditions  ip0 ,  <fi 
and  (p  o  ,<fj,j  respectively.  Let  u  =  w  —  w,  tfo  —  p0  ~  To  and  ip1  =  ip^  —  (p1.  Then  from  (3.8) 
we  have 


(utt,  j/)v*,v  +  <ri(u,Tj)  +  a2(ut,g)  +  {g(Mw),Mg)  -  (g (J\f w) ,  Af rj)  =  0,  (3.9) 


for  all  r]  G  Ct  and  for  almost  all  t  G  [0,  T],  Let  A g  =  g(jVw)  —  g(jVw).  Choosing  g  =  ut  we 
formally  (ut  (f  Ct)  get: 

d  ( 1 ,,  1 


fjf  {  2  HMtl|2  +  +  a2(ut,ut)  +  (A g,Mut)  =  0. 

Taking  the  real  part  and  integrating  from  0  to  t  we  obtain: 

||nt(f)||2  +  0-1(u(t)3u(7))  +  2Re  jf  a2(nT(r),  uT(r))d 


T  = 


Using  the  following  estimate  from  [BGS2]: 


J(Ag,AfuT)  <  U3  —  k  j  \\u(t)\\IcIt  +  C3f>k  J  ||uT( 


r)llv2rfu 


(where  6  >  0  arbitrary)  and  A3),  A5)  we  have: 

||'ut(^)||2  +  hhml  +  (2 k2  —  2C?,8k)  \\uT(i 


t)||v2^t  <  2A0 


f  II^t(  1 

Jo 


(3.10) 


2  Re  J0  (/^9iNuT(T))dT  +  ||ut(0)||2  +  oy^O),  u(0)).  (3.11) 


2  dr 


+ 


Czk  C 


28 


[  |Kr)||2dr  +  ||^1||2  +  c1j|^0||2. 
Jo 


(3.12) 
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Let  8  =  <*>0  where  we  choose  <*>0  such  that  k2  —  2Cfik8  >  0  (such  a  80  exists  since  k2,  C3,  k  >  0). 
Then  from  (3.12)  we  have: 


TO  +  u 


m\i  <di  J  (kcoii2  +  inmiim + ^  (\\m\2  +  \\m\i 


max(2A0,  §£) 


where  di  =  - - - ail  (J  J  — 

111  i  11  ( I .  /.•] ) 

By  Gronwall’s  inequality: 


max 


(Ml) 


in(l,  h) 


mim 


(3.13) 


ll»«(i)ll2  +  IW0IIJ<  (<Wi|t  +  IMj)e**. 

For  t  =  t0  we  finally  obtain: 


\ut(t0)f  +  \\u(t0)\\l  <  d2 


+ 


Ollv 


(3.14) 


(3.15) 


Since  the  last  factor  is  clearly  bounded  for  a  fixed  t0  £  [0,  T],  we  have  the  required  continuity 
result  for  a  fixed  t0.  The  fact  that  this  result  is  actually  valid  for  the  weak  solution  can  be 
justified  by  considering  the  Galerkin  approximates  wf1  (f),  wN  ( t )  [BGS2],  for  which  (3.15)  is 
certainly  true,  and  then  utilizing  the  convergences  wN(t)  — *  w(t )  weakly  in  V  and  — > 

wt(t )  weakly  in  7L,  1 — >  <p0  strongly  in  V,  (p^  — >  pi  strongly  in  7 L,  and  using  the  weak 
lower  semicontinuity  of  norms  in  Hilbert  space. 

□ 

In  the  following  lemma  we  prove  that  Vt  is  continuous  with  respect  to  t  . 


Po 

<Pi 


Lemma  3.2  For  a  fixed  initial  condition  (  )  £  V  X  Ft,  Vt  I  ru  I  is  continuous  in  t. 

\Fi  J 

Proof  of  Lemma  3.2:  From  Theorem  3.2  we  only  know  that 


w  £  CV([0,T],V)  and  wt  £  Cw{[0,T],H). 

To  show  strong  continuity  we  are  going  to  use  Theorem  3.1  recalled  from  [BIW]  at  the 
beginning  of  this  section.  We  consider  the  following  two  systems: 


Utt  +  A-iu  +  A.2  Ut  —  j  —  j\f*  g{j\f w) 
ti(0)  =  rq(0)  =  0 


(3.16) 

(3.17) 
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and 


vtt  +  Ajv  +  *4.2  vt  —  0  (3.18) 

u(0)  =  <p0  (3.19) 

«t(0)  =  (3.20) 

where  u;  is  the  weak  solution  of  ( 1 . 1 )- ( 1 .3),  We  have  the  following  estimate  for  the  right 
hand  side  of  (3.17): 

11/  -  A'’//(A'(r)|||if[o.r].v.;)  =  jf  ||/  -  Af*g{Afw)\\2v,dT 

<  2Tll/llv*  +  2*  £  \\g(XW)\\2dT  <  2T||/||v* 

+2 k£  ((%\\J\fw\\2  +  2(/fd2||Arn;||  +  C2)  dr 

-  2Tll/llv2*  +  2(^i  ~k2  jo  \\w(T)\\l2dT 

+4 WjC2Vk£  ||iw(t)  ||ydr  +  2 kTC%,  (3.21) 

which  is  hnite  since  w  £  /.  x  ( [0.  7  |,  V)  fl  L2(  [0,  T],  V2)  (see  [BGS2]).  (Here  k  is  the  constant 
from  (2.12)  so  that  ||A/"’V||v*  <  V^IMh  since  \\J\f\\  =  ||A/"*||.)  It  follows  that 

h  =  f-N*g{Nw)eL\[  0,T],V2), 

so  by  Theorem  3.1  the  unique  weak  solutions  u  and  v  of  (3.16)-(3.17)  and  (3.18)-(3.20) 
respectively,  satisfy  u,v  £  C ([(.),  VJ.  V).  ut,vt  £  C([0,  T],  77).  However,  u  +  v  —  w  is  a  weak 
solution  of  (3.1)-(3.3)  with  h  =  ip0  =  <pi  =  0,  so  by  uniqueness  w  =  u  +  v.  It  follows  that 
w  £  C([0,  T],  V)  and  wt  £  C([0,  T],  77),  so  we  have  continuity  in  t.  The  proof  of  Theorem 
3.3  is  complete. 

□ 


4  Point-dissipativity 

In  this  section  we  prove  the  following  theorem: 
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Theorem  4.1  Under  conditions  A1)-A11)  the  dynamical  system  {Vt:t  >  0,  V  X  H}  is 
bounded  and  point-dissipative. 

Proof:  We  again  proceed  formally.  Choosing  7/  =  wt  in  (3.8)  and  taking  the  real  part  we 
obtain: 

^  j^IKH2  +  ^i(w,  w)  +  G(A/V)J  +  Re a2(wtl  wt)  =  Re(f,wt)v*,v2  (4.1) 
where  we  have  used  the  fact  that  due  to  (2.14)  we  have 

—G(Afw)  =  R  e(g(Afw),Afwtj:> 

Using  A5)  and  multiplying  by  2  we  get: 

4  {iKII2  +  CTi(w,w)  +  2 G(J\fw)\  +  2k2\\wt\\l2  -  2A0||7nt||2  <  28\\wt\\2V2  +  ^||/||L. 
dt  2b  (4.2) 

Let  /  =  'AAlAlL_  where  we  choose  8  such  that  k2  —  8  >  0.  Then  by  (2.1)  we  have  that 
2 (k2  —  5)||iwt||2  >  Aki2~8)  || 2 .  Using  this  inequality  in  (4.2),  multiplying  by  elt  and  then 

integrating  from  0  to  t  we  obtain: 

e/t||uy(f)||2  —  ||uy(0)  II2  +  f  els— aAwfs),  w(s))ds  +  f  2 els —(GAf w(s))d$ 

Jo  ds  Jo  ds 

<  4  /V||/||2.<fo+2A„  /‘e''||«,»(a)||2<ia.  (4.3) 

2b  Jo  2  Jo 

An  integration  by  parts  leads  to: 

elt\\wt(t)\\2  -  ||^i||2  +  h' a | (((-(/. ),«-(/.))  -  <J1(iw(0),iw(0)) 

—  f  lelsa1(w(s),w(s))ds  +  2 eltG(J\f w(t))  —  2GL/VW0) )  — 

Jo 

f  2 lelsG(Mw(s))ds  <  7 f  els\\f\\2v*ds  +  2A0  f  e's|K(,s)||2d.s.  (4.4) 

Jo  2b  Jo  2  Jo 

This  gives  (using  A3),  A2)  ) 

||uy(i5)||2  +  k\  || »’(/.) ||y  +  2G{Xw{t))  < 
e  lt  (ll^ill2  +  ci  1 1  1 1  v  +  2G'(ATr(0))) 

+/  /  e,h-t)(j1(u;(5)?  w(s))ds  +  2/  f  el^s~^G(Mw(s))ds 

Jo  Jo 

+  4  f  el(s-%f\\2v*ds  +  2\0  t  el^\\ws(s)\\2ds.  (4.5) 

2b  Jo  2  Jo 
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By  A8),  A7),  A3)  we  obtain: 


IK(*)||2  +  k-tWw^Wl  +  2  -hk  1(k1  -  e)k\\w(t)\\2v  -  Cx  < 

e  U  ll'r’ill2  A  ci || V^o || v  A  2C*2 ^ || V^o || v  +  2^3  +  l°i  f  e^s  ||u;(,s) || \ds 

1  Jo 

+21  f  e^iCikWw^Wl  +  Cs)ds 

Jo 

+  ^J\‘^\\f\\l.ds  +  2X0J’e^+\w,(a)\fda.  (4.6) 

This  gives 

Il^(t)||2  +  e|M*)||?,  <  e~ltK  +  (2/C3  +  j*  e^ds 

+2C\  +  L  j  e^s  ** ( ||it>(5)||y  +  ||t£is(5) ||2)c?5,  (4.7) 

JO 

where  K  =  [||v?i||2  +  Ci||<f>0||y  +  2(^2 A' || c^0 1 1 v  +  2Cd],  and  L  =  max)^  +  2lC2k,2\0). 

(  11/lPvA 

Let  £  =  min(l,e),  Lx  =  Le  x,  Ad  =  Ke  d  Ad  =  (  21C3  H - ■^2-  J  e  1l  and  Ad  =  2CjE  A 

With  these,  using  Gronwalhs  inequality,  we  get: 


||^(t)||2  +  \\w(t)\\l  <  Kie-H  +  I{2 ( 1  -  e~lt )  +  Ks 
+LX  f  M  !)  [Ade-'5  +  KM  -  e  u)  +  Adi  e/s‘ L^i(e~t)dBds 

Jo  J 

<  Kie~lt  +  KM  ~  e~lt )  +  K3 

+LX  J*  (e_/t(Ad  -  Ad)  +  (Ad  +  K3Msp  e^ds 

<  +  Ad  +  A,(l  -  e~lt )  +  h,/r^|A,  -  A,|/.L  "  +  Lx  (^^±)  ^  (4.8) 


Here  only  Ad  =  £  1  (||<£q||2  +  Cx,||^o||v  +  2C,2&||<f£|o||v  A  2Cd)  depends  on  the  initial  conditions 


(Ad,  Ad,  Ai  and  1  are  independent  of  them),  so  given  any  $  =  (  )  £ 

\  ri  / 

£ 

there  exists  a  t0  >  0  such  that  for  t  >  /0.  we  have  |e“  tKx\  <  —  and  |Ad  — 


V  x  7i  and  £  >  0 

Adlte-'4  <  |,  so 


|jt>t(d||2  A  \w(t)\\l  —  £  A  A3  +  h2  +  Lx 


A  2  +  A  3  \  £1 


This  means  that  the  dynamical  system  is  point-dissipative,  i.e.  the  ball  of  radius 
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ill  V  X  7 i.  attracts  every  element  of  V  X  77.  The  estimate  (4.8)  also  shows  that  the  dynamical 
system  is  bounded,  i.e.  if  B  C  V  X  7i  is  bounded,  then  Vt(B)  =  U<$es  Vj(<I>)  is  bounded. 
(Again  to  justify  that  these  estimates  are  correct  for  the  weak  solution  we  have  to  consider 
the  Galerkin  approximates  as  in  Section  3.)  □ 


5  The  Global  Attractor 


Now  we  know  that  the  dynamical  system  {Vt,  t  >0,  V  X  77}  is  bounded  and  point-dissipative, 
so  from  Theorem  1.1  the  last  thing  we  need  to  show  is  the  asymptotic  compactness  in  order 
to  complete  the  proof  of  our  main  result  Theorem  2.1.  To  achieve  this,  we  will  use  the 
additional  assumption  A12)  (i.e.  the  embedding  V  V2  is  compact).  Let  us  recall  the 
following  theorem  from  [La]: 

Theorem  5.1  Suppose  that  the  dynamical  system  {Vt,t  >  0,A}  can  be  decomposed  to  a 
sum  Wt  +  Ut,  where  { IT/ ,  /,  >  0,  X]  is  a  family  of  operators  such  that  for  any  bounded  set 
B  C  X 


\\Wt{B)\\x  <  ■mi(t)m2(\\B\\x) 


(5.1) 


where  rrik  :  IR+  — >  1R+  are  continuous  for  k  =  1,2  and  m  \  (/.)  — >  0  as  t  — >  co,  W\x  :  = 
supxeB  \\x\\x.  If  the  operators  Ut  are  such  that  the  set  Ut(B )  is  precompact  for  each  bounded 
set  B  C  A  and  t  >  0,  then  { Vt,t  >  0,X}  is  asymptotically  compact. 

Proof  of  asymptotic  compactness  of  Vt:  Consider  systems  (3. 16)- (3. 17)  and  (3.18)- 
(3.20)  again.  Let  Wt  and  Ut  be  the  solution  operator  of  (3. 16)- (3.17)  and  (3.18)  (3.20)'. 
respectively.  First,  we  show  that  the  set  Ut(B )  is  precompact  for  any  bounded  B  C  V  X  7i 
(we  use  an  idea  similar  to  one  found  in  [Fa]). 


Lemma  5.1  For  any  bounded  B  C  V  X  7i  and  for  any  T  >  0  the  set 

Ut{B)  =  |(u(T),  ut(T))  |  (u7ut)  is  a  weak  solution  of  (3. 16)- (3. 17)  for  ^ 
is  precompact  in  V  X  7i. 


€  B 


Proof  of  Lemma  5.1:  Let  us  hx  a  bounded  B  C  V  x  7i  and  7'  >  0.  Let  T  :  L  — >■  V  x  77, 
where 


L  =  <  w  G  C([0,  T],  V2),  :  w  the  weak  solution  of  (1.1)  with 


rc(0) 
wt(  0) 


Fo 

Fi 


e  B}, 
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be  defined  by:  T (wj  =  (•</('/').  where  u  is  the  unique  weak  solution  of  (3.1 6)- ( 3. 17) 

with  w  on  the  right  in  (3.16). 

First  we  show  that  T  is  continuous. 

Let  ( u,ut )  be  the  weak  solution  of  (3.1 6)- (3. 17)  corresponding  to  (w:wt)  which  is  the  weak 
solution  of  (1.1)  with  initial  conditions  ^  £  B,  We  need  to  show  that  for  every  £  >  0, 


(/('/•)  -  //('/') 
ut(T)  -  ut(T ) 


<  e, 


VxH 


there  exists  a ,  S  >  0  such  that  if 

||^  -  H|c([o,t],v2)  <  ft,  W  e  L  then 

f  u  \  . 

where  .  is  the  weak  solution  of  (3. 1 6)- (3. 1 7)  corresponding  to  w  6  L.  If  u  and  u  are 

V  Ut  ) 

as  above  then  (2,  zt )  =  (it  —  u,  ut  —  v ,  j  is  a  weak  solution  of 

ztt  +  A\z  +  A2zt  =  Af*g(Afw)  —  M*g(M  w ), 

*(0)  =  **(0)  =  0. 


(5.2) 

(5.3) 


Note  that  (5.2)-(5.3)  has  the  same  form  as  (3.1)-(3.3)  with  h  =  JV* g(jVw)  —  M*g{Mw)  and 
zero  initial  conditions.  Thus,  we  can  apply  the  continuous  dependence  result  of  Theorem  3.1 
to  (5.2)-(5.3).  In  this  case  it  gives  that  there  exists  a  constant  C  >  0  independent  of  h  such 
that 

NU  ^  c\ HU^nvj*) 

(since  initial  conditions  are  zero  in  (5.2)-(5.3)).  Now 


H  VxH  — 


u(T)  -  u{T) 
ut(T)  -  (/((7') 


< 

VxH 


u(T)  -  u(T) 
ut(T)  -  ut(T) 


z , 


where  Z  is  defined  in  (3.7).  So  to  conclude  that  dr  is  continuous  it  is  enough  to  show  that 
IH|l2([0,t],v*)  can  be  made  arbitrarily  small  by  choosing  ||tt>  —  tL 1 1 c([o,r] ,v2)  smaU  enough.  We 
have: 


||^IU2([o,t],v*)  =  || Af*g(Afw)  -  Af*g(ATw)\ |i2([0)T],v2*)  =  JQ  ll-'V* t7)  -  //(AV)j||£-;i// 

<  k'2  [T  \\g(M)  -  g(Mw)\\2dt.  (5.4) 

Jo 

Since  g  is  continuous  from  7i  — >  7i  and 


|| Mw{t)  —  Nw(t)  ||  =  ||W (w(t)  -  »-(/))  ||  <  \fl\\w(t)  -  w(t) ||v2  <  \/i\\w  -  w||C([o,t],v2), 
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we  get  that  by  choosing  ||ih  —  ro||c([o,x],v2)  small  enough,  the  right  side  of  (5.4)  (and  thereby 
||/*||i2([o,T],v*)  also)  can  be  made  as  small  as  required.  This  proves  that  T  is  continuous. 

Now  note  that  W(L)  =  U'i  (B),  so  to  complete  the  proof  of  Lemma  5.1  it  is  enough  to  prove 
that  the  set  L  is  precompact  in  C([0,  T],  V2).  Using  the  same  version  of  the  Ascoli-Arzela 
Theorem  as  in  [BGS2,  NS],  we  show  that 


1)  {ic(i)|  w  G  L}  is  precompact  in  V2  for  each  t  G  [0,T], 

2)  L  is  equicontinuous. 


Statement  1)  follows  from  the  fact  that  {ic(i)|  w  G  L}  is  bounded  in  V  and  V  ^  V2  is 
compact  (this  is  the  only  place  where  this  assumption  is  used).  To  show  statement  2)  we 
note  that: 


M*  +  At)  ~  w(t)  Ilv2  =  II  j  wT(r)d 


lv2 


< 


Jt  IIu’t(t )||v2^tJ  -AtJt  ll^(r)llv2^r 


<  At 


c_ 


by  the  apriori  estimate  in  [BGS2].  This  completes  the  proof  of  Lemma  5.1. 

In  order  to  complete  the  proof  of  asymptotic  compactness  the  last  thing  to  show  is  the 
decay  property  of  Wt.  Since  v  is  the  weak  solution  of  (3.18)-(3.20)  we  can  proceed  formally 
and  multiply  by  vt  to  obtain: 


Multiplying  by  2  and  using  A5)  we  get 


d 


d 


k. 


i:iwr+i7^i(«,®)+2^Nr<2AoiNi2. 


dt 


dt 


Let  1  =  2%.  Multiplying  by  elt  we  obtain: 


d 


d 


-J\v^+ett-a1(v7v)  +  leJvtf<2X0e‘t\\vt\ 


dt 


Integrating  from  0  to  t  we  obtain 

e'*|Mt)||2  -  |M0)||2  +  /*  els^-a1(v,v)ds  <  2A0  f  els\\vs(S)\\2dS, 

Jo  as  Jo 
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which  after  an  integration  by  parts  yields: 

eH\\vt(t)\\2  -  ||v?r ||2  +  v(t))  -  ^(^(O),  u(0))  -  f  lehcr1(v,v)ds 

Jo 

<  2Ao  /  e;®||us(s) IPcLs. 

Jo 

Using  condition  A2),  A3)  and  multiplying  by  e~H  we  get: 

||^(t)||2  +  hhmi  —  e  u  (ll^i||2  +  cMl)  +  h  t'  (||t;(5)llv  +  IM*)||2)  ds 

where  l2  =  max(/<q.  2,\o).  Let  m  =  min(l,  Aq).  Using  Gronwall’s  inequality  we  have: 

ll«t(*)l|2  +  ll«(^)llv  <  (llv^ir  +  eillvoll^) 

+  m  Jo  e~l>>  (ll^H2  +  cill^o||v)  e^s  ™e!(@  t)d6ds 

—  ~e  U  (ll^i||2  A  ci  1 1  V^o  ||  v)  +  —  (ll^il)2  +  ci  1 1  V^o  1 1  v  )  Jo  e  Helmds 

<  (ibill2  +  Cj|ko||v)  e~lt  —  +  —te‘ ™ 

Now  the  right  side  of  this  inequality  clearly  goes  to  0  as  t  — >  oo  so  we  have  the  neces¬ 
sary  decay.  Thus  we  conclude  that  the  dynamical  system  is  bounded,  point-dissipative  and 
asymptotically  compact,  consequently  it  has  a  compact,  invariant  connected  global  attractor 
A  C  V  X  H.  □ 

6  Regularity  of  the  Attractor 

Our  next  step  is  to  describe  the  structure  of  the  attractor.  We  have  the  following  theorem: 

Theorem  6.1  Let  £  denote  the  set  of  fixed  points  of  the  dynamical  system  {Vt:t  >  0,  V  xTt) 
with  the  assumption  that  the  real  part  of  the  form  a2  is  strictly  coercive  (X0  =  0  in  A5).  Then 
the  attractor 

A  =  M+(£) 

where  the  unstable  set  AA+(£)  of  £  is  the  set 

jw*  £  V  X  7 i  and  d(VtU* ),  £)  — — Lq  Q  j 
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Proof:  The  crucial  step  in  the  proof  is  that  this  dynamical  system  possesses  a  Lyapunov 
function  defined  on  the  global  attractor.  (Actually,  in  this  case  the  Lyapunov  function  is 
global.)  Once  this  is  shown,  the  statement  follows  by  a  well-known  theorem  [Te]  p.401.  By 
definition,  a  function  F  is  a  global  Lyapunov  function  for  the  semigroup  {St,t  >  0,A}  if 
F  :  X '  — »  M  is  a  continuous  function  such  that 


1.  for  any  $ 


<Pi 


G  X  the  function  t  — >  F  (St  ($))  is  nonincreasing, 


2.  if  F  (SV$)  =  A($)  for  some  r,  then  $  is  a  fixed  point  of  the  semigroup,  i.e.  5J($)  =  $ 
for  all  t  >  0. 


We  claim  that  the  function  F  :  V  X  7i  — >  JR, 

F(u,v)  =  i|H|2  +  \wr !(u,«)  +  G(J\fu)  -  R e(/,«)v*,v2 

is  a  Lyapunov  function  for  the  semigroup  {Vt  ,t  >  0,V  X  7i}.  Statement  1.  is  clearly  true, 
since 

-F(w,wt )  =  ^  j^IKH2  +  l;(Ti(w,  w)  +  G(ATw)  -  Re{/,  u>)v*,V2 1 
<  H<‘ a2(uv,  u'i)  <  -k2\\wt\\l2  <  0, 


which  shows  that  F  is  nonincreasing.  Statement  2.  follows  from  the  fact  that  if  F  f  lx (I> )  = 
F  ($),  then  ||iwt(i) ||v2  =  0  for  a.e.  t  G  [0,  r].  Since  wt  G  C  ([0,  T],  7i)  it  follows  that  wt(t)  =  0 
for  all  t  G  [0,t],  Then  w  must  be  constant  on  any  time  interval  (from  the  semigroup 


property),  so 


<fo 

<Pi 


is  a  hxed  point  of  Vt. 

Continuity  of  F  can  be  easily  verified,  so  the  attractor  of  the  dynamical  system  is  the  unstable 
set  of  the  set  of  its  hxed  points.  □ 


7  Examples 

Example  7.1  We  consider  an  m- dimensional,  nonlinear  damped  membrane  with  fixed  bound¬ 
ary. 

Let  0  C  JRm  be  a  bounded  domain  with  C1  -smooth  boundary  T.  We  consider  the  problem: 
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wtt  +  k1A2w  +  K2(A2)awt  +  N*g(Nw)  =  f 
w\r=o 

p  =0 

On  r 

w(-,  0)  =  (fo  G  77q(0),  wt(-,0)  =  9?i  G  L2(  0) 

-  (•''!••  •  •  ,  xm)  eo,  t  e  [o,  T], 

( x,t )  G  0  x  [0,T]  =  Qx 
0  <  a  <  1. 


/n  this  problem  A\  is  the  biharmonic  operator,  A2,  where  A  =  YCf=a  the  Laplacian, 

and  A2  =  (A2)“  is  a  fractional  power  of  the  biharmonic  operator. 


V  =  H20(n)  =  L  (E  H2(n)  :  ip\r  =  ^ 


=  ok  n  =  L2(n) 


and 


v2  =  //no) 


is  a  fractional  Sobolev  space  which  due  to  the  well-known  embedding  theorems  (see,  e.g.  [Wl]) 
can  be  described  explicitly  by: 


H2A,n) 


H2a(tt)  ifO<a<\ 

€  H2a{n)  :  tf|r  =  0}  if  \  <  a  <  § 

{'5  G  H2a(Q)  :  ^|r  =  ff-|r  =  o}  */ |  <  a  <  1 


In  this  example  j\f  G  C(V2:TL)  can  be  any  bounded  linear  operator  mapping  V2  = 
to  H  —  L2(Q),  e.g.  if  a  >  1/2  £/ien  we  can  choose  M  =  ^  for  m  =  1,  or  for  m  >  1  we  can 
/e£  A"  =  A/?  for  any  0  <  jf  <  a  <  1.  We  also  assume  that  f  G  V2  an</  the  nonlinear  term  g 
is  a  scalar  function  g  :  ]R.  IR  such  that 

(’(C)  -  /  g(r)dT,  g(C)  -  1/(0  (7.5) 

Jo 

satisfies  the  following  conditions: 


1.  There  exist  positive  constants  Cj  for  j  =  1,2,3  and  e  >  0  snc/i  that 

~2^Kl  +  k2  —  e)IC|2  —  Ci  A  C(0  <  C2|s|2  +  C3.  (7.6) 
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2.  There  are  positive  constants  Cj,  j  =  1,2  such  that 

ls(OI  <&|£l  +  ca.  (7.7) 

3.  We  assume  that 

g'(0  >  -h.  (7.8) 

It  is  easy  to  see  that  such  a  g  satisfies  A8)-A11)  and  all  the  other  conditions  (Al)-A7)  and 
A12) )  are  also  satisfied.  Thus  this  system  possesses  a  compact  global  attractor  by  Theorem 
2.1. 

Example  7.2  Let  us  consider  transverse  vibrations  of  a  fixed  end  nonlinear  beam  of  length 

1_ 

I  with  structural  (or  square-root,  Af)  damping  / Ru ,  BIW]: 

wxxxx  Wfxx  a  g  i  )  —  f 

w(t,  0)  =  w(t,£)  =  'tvx(l,  0)  =  ■((’.,  (/..  f  j  =  0 
w(o, •)  =  e  Hq( 0,1) 

wt(0,-)  =iPl  el2(0,l)  (7.9) 


Now 

V  =  Hl{ 0J)  =  {f  e  H2{ 0,t)  :  #0)  =  f(0)  =  m  =  <f>V)  =  0} 

v2  =  H((Q,£)  =  {f(E  H\0,£)  :  ^(0)  =  <f>{£)  =  0},  (7.10) 

and 

0)  V*,V  —  ^xx) 

{A2<p,  $}v2‘,v2  =  {Tx^x) 

M  —  I.  (7.11) 

Let  g  satisfy  conditions  (7.5)-(7.8) ,  and  f  £  i2(0,T;  V*).  Here  assumptions  A1J-A12)  are 
all  satisfied,  so  by  Theorem  2.1  the  system  possesses  a  compact  global  attractor. 
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Instead  of  the  structural  damping  a  spatial  hysteresis  damping  [BIW]  could  also  be  used 
in  the  above  example.  In  that  case  V2  —  H1{ 0,7)  and  the  damping  sesquilinear  form  can  be 
given  as 

(A2<p,  if)  =  ({ vl  -  G )<p^  ipx),  where 

ft 

G(<p)(x)=  /  7 (x,y)<p(y)dy  and 
Jo 

v{x)  =  f  7 (x,y)dy.  (7.12) 

Jo 

7  is  a  symmetric,  non-negative  kernel  in  L°°((0,  7)  X  (0,7)).  Again  if  g  satisfies  conditions 
(7.5)-(7.8)and  f  £  L2(0,T;  V*)  then  by  Theorem  2.1  the  system  has  a  compact  global  attrac¬ 
tor. 


Example  7.3  Let  Vl  be  a  smooth  bounded  domain  in  JR™.  Consider  the  strongly  damped 
nonlinear  wave  equation 


wtt  —  aAwt  —  Aw  +  g(w)  =  / 

u>(a;,0)  =  ¥o{x)  £  Hq(H),  wf(x,  0)  =  ^i(x)  £  X2(0) 
w(x ,  t)  =  0,  a;  £  dTt 
X  =  (27,  ■  •  •  ,  xm)  £  t  £  [0,  T], 

(x,  t)  £  0  x  [0,  T]  =  Qt ,  a  >  0 


(7.13) 

(7.14) 

(7.15) 


(7.16) 


In  this  problem 


v  =  v2  =  I-Q{n) 


and 

A\  —  A.2  =  — A ,  M  =  I. 

We  assume  that  g  satisfies  (7.5)-(7.8) ,  and  f  £  V*. 

We  remark  that  although  V  is  not  compactly  embedded  in  in  this  case,  the  existence 
of  a  compact  global  attractor  is  still  guaranteed.  If  we  examine  the  arguments  where  this 
assumption  was  used,  i.e.,  Lemma  5.1.,  we  can  see  that  they  are  still  valid,  since  J\f  in  this 
case  is  continuous  from  Tt  to  Tt.  This  results  in  the  continuity  of  vp  in  Lemma  5.1  from 
L  with  w  £  C([0,  T],  TC)  to  V  x  Tt  and  then  the  following  arguments  are  valid  since  V  is 
compactly  embedded  in  Tt. 
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